295
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Abstract. In this contribution, we adress an apparent lack of methods for the robust analysis
of dynamical systems when neither a precise statistical nor an entirely epistemic description of
the present uncertainties is possible. Relying on recent results of possibilistic calculus, we revisit
standard prediction and filtering problems and show how these may be solved in a numerically
exact way.
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1. Introduction

In the analysis and control of dynamical systems (Skogestad and Postlethwaite, 2007), the forward
problem usually involves a prediction about the future system behavior, while the inverse problem
aims at finding the feasible configurations of past system states that are in agreement with the
system dynamics and the obtained measurements. Therein, the inclusion of non-probabilistic models
of uncertainty is becoming increasingly more important.

The available techniques for robust system analysis can be divided into two approaches: Stochas-
tic approaches, on the one hand, look back on a long tradition in the quantification of aleatory
uncertainty in dynamical systems with popular results, such as the Kalman filter (Kalman, 1960).
However, most of the available techniques share a common denominator; when considering the
various forms of noise, they rely on precise probability distributions for their description. On the
other hand, purely set-based approaches, such as tube-based model predictive control (Langson
et al., 2004), usually do not take into account any stochastic information about the disturbances.
Instead, they consider only epistemic uncertainty by finding sets to which the disturbances are
confined. The simultaneous consideration of both aleatory and epistemic uncertainties is a topic
which is seldomly adressed.

Nonetheless, often a mix of statistical variability and an epistemic lack of knowledge is present in
models of real-world processes and there is a need for sensible uncertainty quantification frameworks
which can address both these types of uncertainty. In this contribution, we demonstrate how pos-
sibility theory (Dubois and Prade, 1988) originating from fuzzy set theory is one such framework,
and we derive tools for a possibilistic analysis of linear time-invariant (LTI) systems. Possibilistic
calculus is based on the idea of descriptions of imprecise probabilities, and hence possibilities
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may be interpreted intuitively by viewing them as upper probabilities. This allows for a more
general description of measurement error and process noise due to not being restricted to unique
probability distributions. Essentially, this calculus consists of the analysis of nested confidence
intervals for imprecisely defined probability distributions, for which we present intuitive techniques
for prediction and estimation. Special emphasis is put on the preservation of possibility-probability
consistency in all calculations, which is enabled by recent theoretical results.

2. Possibility Spaces

We briefly recount the basic terminology of possibility theory as formalized in (Dubois and Prade,
1988). A set-valued function IT : 22 — [0, 1] defined on the power set 2** of the universe of discourse §
may be called a possibility measure if it satisfies three conditions similar to those of a probability
measure. Explicitly, II(#) = 0, II(Q?) = 1 and II(|J, Uy ) = sup;, II(Uy) for countable collections of
sets U C Q) have to be fulfilled. The dual necessity measure is defined by N(U) = 1 —1II(2\ U) for
all U C .

Let X : Q@ — X be an (X-valued) uncertain (random, fuzzy, etc.) variable. Below, & =
S(X) denotes a o-field on X. In practical applications, typically X € RY, and S is the corre-
sponding Borel o-algebra. The uncertain variable X possesses a possibility distribution 11 )?(U ) =
I(X-YU)) = HI{w € Q : X(w) € U}) for all U € S and a function T+ X — [0,1] in-
duces a possibility distribution via Il (U) = sup,cy 75 () if it is a measurable function satisfy-
ing sup,cy 75 (z) = 1. It is then called a possibility density. The superlevel sets/a-cuts are defined
as Cﬁ)} ={rc X :mg(x) > a}.

It is well-known that possibility theory offers a general framework for the analysis of imprecise
probabilities (Augustin et al., 2014), i.e. for the consideration of partially defined probability distri-
butions on the measure space (X, S). The fundamental principle of probability-possibility consistency
was first introduced in (Dubois and Prade, 1992). It states that a probability measure P and a
possibility measure Il on (X, S) are consistent if the probability of any event is bounded from
above by its possibility, i.e. if

P (U)<Mg(U) VYUES (1)

and consequently from below by the necessity, N (U) < P (U). In short, we write P¢ < I5.
Notice that the necessity — and hence the lower probability — of any a-cut is always bounded
according to N ¢ (C;l() >1—a for all @ € [0, 1]. In order to show consistency, one does not need to

check consistency for all possible events as in Eq.(1). Instead, it is shown in (Couso et al., 2001)
that it suffices to check the condition

P (Cﬁg) >1-a VYacl01] 2)

Furthermore, consistency is not a one-to-one relationship. In particular, given a possibility mea-
sure Il 5, the credal set

C(llg) ={Pg:Pg Mg} (3)
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contains a potentially infinite number of elements, i.e. of consistent probability distributions. One
important observation is that the credal set of a possibility distribution H% is included in that of a

second one H%, ie. Qf(H}() - Q:(H%) if and only if Tr}((:c) < W%(l’) for all z € X. Then, H}( is said
to be more specific than H%.

For an efficient analysis, we propose a quadruple description of convex fuzzy variables X =
(A,b,C,d), an N§¥*-dimensional generalization of the well-known one-dimensional fuzzy numbers.
Therein, the matrix A = A(a) € RM¥ *NX" and the vector b = b(a) € RMX" are associated with

an a-dependent internal halfspace. The matrix C € RV XNX" and the vector d € RVY" provide
the external description. The convex a-cuts of X, i.e. the superlevel sets of its possibility density,
are given by

;"z:{x:C-é—i—d:£€RN§lt/\A(a)-§§b(a)} Ya € [0,1]. (4)

See Fig. 1 vor a visual representation of the a-cuts of a 2-dimensional convex fuzzy variable.
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Figure 1. Convex a-cuts of a 2-dimensional convex fuzzy variable.

The possibility distribution may be reconstructed by the Decomposition Theorem
e —emfocnxey)  vxert .

which is e.g. found in (Hanss, 2005). For a variety of reasons, this representation is well suited for
the uncertainty analysis of linear time-invariant systems: Firstly, through the division in an internal
and an external description, it is possible to account for interdependency of multivariate uncertain
variables and, thus, to avoid certain effects of overestimation. Secondly, the rules of possibilistic
calculus may be evaluated very efficiently for a selection of operations. And thirdly, it naturally fits
into optimization frameworks, given the convexity of the a-cuts. The benefits are also highlighted
below.
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3. Possibilistic Calculus

In the following, selected elements of possibilistic calculus are presented. The guiding principle
behind the specific implementations of these operations is the preservation of consistency. That
is, if a possibility distribution and a probability distribution were consistent before performing an
operation, such as the the aggregation of several distributions or the propagation through a model,
then the resulting distributions ought to be consistent as well. This ensures that possibilities can
truly be seen as upper probabilities. Special emphasis is put on the implementation for convex
fuzzy variables.

3.1. AGGREGATION

Often only the marginal distributions 7 %y Ty, On the distinct domains X, ..., Xy are avail-
able. Yet, e.g. the propagation and the inversion operations discussed below require the joint
distribution which has to be constructed by a suitable aggregation operator. Consistency-preserving
aggregation operators are presented e.g. in (Destercke et al., 2009) and, more recently, in (Hose and
Hanss, 2019b). In the latter, it is shown that if the probability distributions in the respective credal
sets are assumed to be independent, then a consistency-preserving joint possibility distribution is
given by

N
Ry (xl’”"l‘N):i:rE.i.I.l,Nl_ (1—7T)~(i(:ci)) V(x1,...,2N) € X1 X ... x ANn.  (6)

From the proof of Theorem 28 in (Hose and Hanss, 2019b), we infer that Eq. (6) is equivalent to

N N
St = VIO Lx e VY Yae 0,1 (7)
)}1 ..... )?n X1 Xn
Hence, if X; = (Ag,bg,Cg,dg) fori=1,...,N are N given convex fuzzy variables, then the

joint fuzzy vector X = (Ag,bg,Cx,dg) is also a convex fuzzy variable with the matrices

A oTHN 0 b)} oTN Cc
1

X1

N N N y
0 Ag ol by ol 0 Cg, dg,

where T'V : o+ 1 — ¥/1 — a is a (monotone) rescaling function.
3.2. PROPAGATION

The pushforward distribution of a fuzzy variable Y = ¢(X) under a (X, Y)-measurable function ¢ :
X — ) is given by the extension principle (Zadeh, 1975)

Ty (y) = sup  7g(x) Vye). (8)
TzEX:y=¢(x)

REC 2021



299

On the Solution of Forward and Inverse Problems in Possibilistic Uncertainty Quantification for Dynamical Systems

The preservation of consistency is discussed e.g. in (Baudrit et al., 2006) and (Hose and Hanss,
2019b). Of course, if only the marginals )?1, . ,)?N are known, then they need to be aggregated
into the joint vector X beforehand. E.g. in (Baudrit et al., 2006) it is shown that Zadeh’s non-
interactive aggregation, i.e. the min-intersection of the possibility densities, which appears in the
original formulation of the extension principle, does not preserve consistency.

The connection to the propagation of intervals is discussed in (Hanss, 2005). In particular, it
can be shown that Eq. (8) is equivalent to

i =¢ (cg)z) Va e 0,1 9)

Hence, if X = (A,b,C,d) is a given convex fuzzy variable and ¢ is a linear map represented by
the matrix M € RN*Nx  then Y = (A, b,MC,Md) is also a convex fuzzy variable. E.g. the
sum Y = Zf\il X; may then be obtained by propagation of X under the matrix M = 1,...,1].
Marginalization, i.e. the computation of the marginal distributions LS RERRREIS from the joint
distribution T% . Rx is just a special case of propagation under ¢ : x — x; for ¢ = 1,... N. Hence,

it preserves consistency as well.

3.3. INVERSION

The preservation of consistency for inversion under a surjective and (X', J)-measurable function ¢ :
X — Y is investigated in (Hose and Hanss, 2019a). Suppose the possibility distribution of Y is

known and one wishes to infer the distribution of X. Generally, there exists a (possibly infinite)
number of possibility distributions Il yielding the pushforward distribution Il under ¢. These
extensions may be gathered in the set of inverse possibility distributions

If?[? ={Ilz: Iz (V) =1z (¢ (V) VV €S(V)}. (10)

However, it is possible to account for this whole set by just one possibility distribution. The
minimum specific inverse possibility distribution is given by

Wi)%“’ () =g (¢ (v)) VeeX (11)

This distribution is the least specific possibility distribution in the corresponding set of inverse

possibility distributions and therefore a suitable representation thereof. Analogously, one can define

a set of inverse probability distributions If; _ given a probability distribution Py;. The perhaps most
Y

important result is that H;PEV is consistent with all probability distributions Pg € Zg? from the

set of inverse probability distributions Igl of all probability distributions Py € C (Hf,) which are
Y

consistent with IIg. Analogously to the forward propagation, we infer that Eq. (11) is equivalent
to

fow = 67" (Cﬁ‘» Ya e [0,1]. (12)

Hence, if Y = (Ag(,b?,C?,d?) is a given convex fuzzy variable and ¢ is a linear map, i.e.
it corresponds to a matrix M € RNY*NX | then one obtains the convex fuzzy variable X =
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(Af(’ bg,Cx, df() with the matrices

Ay 0] by
Af( _ _C? M |, bf( — d? , Cf( = [0 ]I] and df{ =0
C~ —M}| d?

from the minimum specific inverse p0881b1hty distribution. This operation augments the vector of
T'

interior variables to {g = [ﬁT where fT are the interior variables of Y. Obviously, the lower

two rows of the internal halfspace representation correspond to the equality constraint Cyéytdy
Mx which might as well be considered explicitly.

3.4. CONFIDENCE SETS

For the inverse problem, it is furthermore helpful to study the relation between a-cuts and confi-
dence sets. Assume an uncertain variable Y = (1, X)) be a function of the uncertain variable X
with known possibility distribution and of an unknown parameter ¢ € ©. Adopting a frequentist
point of view, ¢ is not an uncertain variable, and hence, probabilistic or possibilistic expressions
about it require discretion. Nevertheless, with the assumed knowledge, we can construct a confidence
set Cf = K§(Y) = KG(o(0, X)) of 9 for a given confidence level a € [0,1] through

/cgz{ee@:Yew(e,c;)}. (13)
Proposition 1. It holds that P (¥ € K§) > 1 — « for all ¥ € ©.

Proof. Let ¥ € © be arbitrary but fixed. From ¥ = (19, f() it follows that

/cg:{eee:w(ﬁ,)?)ew(a,c;)}. (14)

The set membership definition for ¥ € K, i.e. ¥(9, )Z) € 1/1(19,C§‘~(), is trivially fulfilled if X € C%.
Hence, the probability of the former being fulfilled is greater than the probability of the latter being
fulfilled, yielding

P(ﬂele;)ZP()N(GC%)Zl—a (15)
which concludes the proof. O

Notice that the proof of Proposition 1 requires the model 3 to be ‘correct’. If ¢ is not surjective,
then it is possible that the confidence levels may be empty above a certain level v*. The actual
value of v* can be computed by checking the existence of feasible solutions, e.g. within a bisec-
tion algorithm. Due to this result, we argue that — in possibility theory — a-cuts and confidence
sets are similar concepts for uncertain variables and unknown parameters, respectively. Having
observed Y = y, we can even define a corresponding confidence density v : © — [0, 1] which is

computed from the possibility density of X through

(W)= sup  mg(x) (16)
zeX:y=y(9,x)

REC 2021



301

On the Solution of Forward and Inverse Problems in Possibilistic Uncertainty Quantification for Dynamical Systems

Furthermore, confidence sets can be computed very efficiently from convex fuzzy variables. Let X =
(Ag,bg,Cg,dg) be a given convex fuzzy variable and let ¢ : (9, x) — Mx+ N be an affine map
for suitably sized matrices Ml and N. Then, an estimator of ¥ can also be expressed in quadruple
form 9 = (Aﬁ’ by, Cy, d@) where

Ay 0 bx
A;=|MCy N |, byj=|y—Mdg|, C;=[01I and dy=0
-MCx —-N y — Mdx

Therein, the lower two rows of the internal halfspace representation correspond to the equality
constraint MCg &g + Mdg + Nf =y which might as well be considered explicitly.

Again, even though similar in appearance, a confidence density is not a possibility density
and a confidence set is not an «a-cut from a frequentist point of view. Likewise, even though the
computation is similar, the underlying concepts used for the inversion and for the confidence sets are
fundamentally different. The inversion intends to find an actual possibility distribution for an input
variable from the possibility distribution of a dependent output variable, whereas the confidence
distribution indicates sets in which an unknown but fixed parameter is likely to reside.

In a subjective setting, however, it seems reasonable to view 1 — « as the supremum acceptable

buying price to pay for the gamble f, : 6 — I;cg(ﬁ), where Ilcg is the indicator function of the

confidence set ICg for all « € [0, 1] and, subsequently, to define a coherent lower prevision (Augustin
et al., 2014) therefrom.

4. Possibilistic System Analysis

The elements of possibilistic calculus in combination with convex fuzzy variables as proposed and
described above may be used as a basis for the analysis of LTI systems with possibilistic error
descriptions via convex fuzzy variables. For simplicity, we assume the following time-discrete state-
space description, omitting any control input or other, which could, however, easily be included.
The system dynamics is modeled by

X1 = Fxp + vy, (17)

and the observation model is
yvi = Hxp + wy. (18)

Therein, the process noise v; and the measurement error wy are assumed to be independent and
identically distributed (iid) realizations of the uncertain variables V and W which are modelled as
convex fuzzy variables.

4.1. PREDICTION

For the purpose of predicting the future system behavior, we assume that information about the
current system state xj is present in the form of a convex fuzzy variable Xj. This knowledge
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facilitates the prediction of the system states xgi1,Xgr2, ... and of the system output yi, ygr1,- .-
at future points in time.

4.1.1. State Prediction
State prediction is mostly concerned with the evaluation of the system dynamics (17) and corre-
sponds to a simple aggregation and propagation. In order to predict x,1 from Xy, we consider the

- 1T
joint distribution of the vector [X;g VT] . Propagation under M = [F ]I] yields the convex fuzzy

variable X1 with the matrices

_ _[Ag oT* 0 b |Px, oI
Xet1 0 A\~/' 1) FQ ’ Xp41 b{/ o FQ ’
Rpsr = [chk C{,] and dik+1 = Fdik + d{/

This step can also be applied recursively in order to predict )~(;€+2, Xk+3’ etc.

Proposition 2. The system state )N(Hl =FX; + V will fall into the a-cut C% with probability
k

+1
p (Xk+1 c cikﬂ) >1-a VYael01], (19)

for all independent and consistent probability distributions Pf(k = Hik, and Py = 1l

Proof. The proposition follows directly from the consistency-preserving properties of the aggrega-
tion and propagation. O

4.1.2. Output Prediction
Information about the output y; may be obtained by additionally considering the measurement

. qT
model (18). By propagation of the joint vector {Xg WT} under M = [H ]I] one obtains the

convex fuzzy variable ?k with the matrices

- 2 ~ 2
A? = |:Axk ol 0 2:| , b? = |:ka © F2:| ,
Cg, = [HCg, HCg]  and  dg, =H(dg, +dg).

Proposition 3. The measurement ?k = H)Nik + W will fall into the a-cut C% with probability

k
P(?kec%k) >1-a VYaclo,1] (20)

for all independent and consistent probability distributions ka = ka, and Py = Il
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Proof. The proposition follows directly from the consistency-preserving properties of the aggrega-
tion and propagation. O

4.2. ESTIMATION

The elicitation of information about the system state is performed in a similar manner by projecting
the measurements and possible perturbations onto the state space. Considering the involved process
noise and measurement error, it is possible to construct confidence sets of the actual system states xy,
for further analysis. Adopting a frequentist point of view, the x; are not uncertain variables as they
have already been realized.

- ~ . AT
To this end, we assume that the measurements are available in the vector P = [YlT e YE] .
~ _ 4T
Evidently, these measurements only depend on the uncertain variables Q = [VT ... VT} , con-

- ~ __ __. 1T
taining £ — 1 instances of the process noise V, and R = [WT WT} , containing k instances

of the measurement error W. If we denote by ¥ = [xiF e XE]T the vector of past system states

which are to be estimated, then Eqgs. (17) and (18) can be written in matrix-vector form as

[—F 1 07
0 —F I N
0] _ Q
9]- . [0 o
—H 0
L O -H |
=N

_ ~ e . 9T
For t = [OT pT]T, where p is a realization of P, and the aggregated joint vector S = {QT RT] ,
it is possible to estimate ¥ by ¥ with the matrices

Ag 0© bg

S
A1§: Cg N y b,§: t—dg y C@:[O ]ﬂ and d@ZO.
-C5 —-N t —dg
The confidence sets IC%_ of x; for : =1,...,k can be obtained by marginalization of 0.

Proposition 4. The (non-empty) a-cuts ICg are confidence sets of 9, i.e.
P(ﬁeng)zl—a Va e [0,a"] (22)

for all independent and consistent probability distributions Py <115, and Py = -
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Proof. The proposition follows from the consistency-preserving properties of the aggregation, and
Proposition 1. O

5. Numerical Example

Consider the LTI system with the system and measurement matrices

F = { 11 _f] and  H=/[10]. (23)

2

The initial conditions are chosen as xy = [O 4O]T, i.e. they are assumed to be known precisely,
even though it would suffice to_only know a possibility distribution. Furthermore, it is assumed
that the process noise V1 and Vg each are distributed according to some probablhty dlstrlbutlon
which is unimodal, symmetric about zero and has a support bounded by |V| < pMmax = 10
for i € {1,2}. Dubois et al. show in (Dubois et al., 2004) that a triangular fuzzy number with

[v]

possibility density 7y, (v) =1 — jmx for |v] < w

max

and zero outside induces a maximally specific

possibility distribution which is consistent with all admissible probability distributions of V See
Figure 2 for a visualization of the a-cuts of V1 and Vg Considering their independent aggregation,
their joint vector V is described by

1 0 1
0 1 N 1 10 0
A\~/: 10l quvma V11—« 1l Cv:|:0 1:| and d\»«/:|:0:| vae[ovl]‘
0 —1 1
1 ®
c—0
Ge—
C——0
0.8 Pam—
C———=0
oD
0.6 |-
3
0.4
0.2
087 0 0.1

v

Figure 2. a-cuts of the triangular fuzzy numbers \71 and 172

The measurement noise W, is assumed to follow a probability distribution with mean p = 0 and
variance 02 = 1. Further information about additional moments is not provided. In (Baudrit and
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Dubois, 2006), it is argued that, by means of the Chebychev inequality, a suitable representation
of such knowledge is given by the possibility density

o2
m—(w) = min (1, ) Vw e R. (24)
w (M —w 2
which can be expressed by
1 o |1
AW:|:_1:|’ bW:\/a|:l:|, szl and dw~/:,u VO[E(O,l].

See Figure 3 for a visualization of the a-cuts of W. The support, i.e. the a-cut for a = 0, is
simply CSV =R.

Figure 8. a-cuts of the Chebychev possibility distribution of w.

In the reference simulation, the ‘experimental’” data y, " were generated with consistent prob-

ability distributions for V and W. In particular, the system noise was generated from uniform
probability distributions on the given support [—1—10, %] and the measurement noise from a mixture

with equal weights of two normal distributions with means i\/g and variance % as shown in

Figure 4.

An exemplary prediction of the output measurements is provided in Figure 5. Evidently, all data
points lie within the support of the prediction with a tendency to regions with a higher possibility
density. The obtained results can even be used to verify Proposition 3; the empirical probability of
the reference measurements y; ” being contained in the a-cuts C%k stays well above the guaranteed

value of 1 — «, see Figure 6.

Similarly, the descriptions of process noise and measurement error can be employed to estimate
the states x1 and xo from the experimental data. The reference data are estimated accurately, i.e.
they tend to lie in high-membership regions, and the order of magnitude of the area of the confidence
sets is reasonably small in order to enable meaningful inference. Again, the relative frequency of
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Figure 5. a-cuts of the predicted measurement and simulated reference.

the confidence sets containing the actual state samples stays well above the guaranteed level of
confidence as illustrated in Figure 8, adding further verification to Proposition 4.

6. Conclusions

In this contribution, computationally exact solutions to a selection of forward and inverse problems
in possibilistic LTI system analysis have been provided. The representation of convex fuzzy variables
by the proposed quadruple description has been shown to be very well-suited for this purpose. It
is conceptually easy to implement and allows for an intuitive design of a possibilistic batch filter.
The presented approach is evidently closely related to existing filtering formulations, such as
moving horizon estimation (Rao et al., 2003). The novelty is that, while the presented approach
relies on the propagation of convex sets, i.e. the a-cuts, this approach is able to also carry on
statistical information in the form of the size of these sets for different values @ € [0, 1] without
requiring a precise statistical modeling. Hence, it is possible to arrive at more expressive results
than purely set-based techniques, but it does not force the practitioner to specify unique, yet
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Figure 6. Empirical probabilities of the measurements y;® being contained in the a-cuts C%k compared to the
guaranteed probability 1 — a.

unwarranted, probability distributions thereon. It can, furthermore, serve as a reference solution
for a more efficient (particle) filter, which has not yet been developed, with a recursive prediction
and updating formulation similar to set-membership filtering approaches, refer e.g. to (Leong and
Nair, 2016). However, this requires the derivation of a sensible procedure for the aggregation of
confidence sets.

Other perspectives with respect to this contribution, which could prove to be of interest in the
future, include the extension to to non-linear system models and the consideration of the inferred
information in decision-making and the connection to results concerning robust optimization and
control in a possibilistic context (Hose et al., 2019).
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