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Abstract. The problem of the stochastic response determination of dynamic systems, once that
the random properties of the actions are assigned, is studied. In the present work, an extension
of the Probability Transformation Method (PTM) to the dynamic systems has been proposed.
In particular, an evolutive PTM (EPTM) is introduced. Based on the properties of the mean
square random calculus with the principle of conservation of probability, the EPTM applies the
PTM contextually to the mean square Riemann integral of the system solution process. In this
way, the EPTM gives the expression of the single-time evolutive characteristic function (CF) of the
system’s output. The application to a shear-type plane system subject to assigned stochastic process
excitations and random initial conditions has revealed the efficiency of the stochastic procedure.
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1. Introduction

Over the last two decades, it has been recognized the uncertain character in the natural phenomena.
Most physical behaviors exhibit appreciable randomness which can not be adequately represented
by deterministic models. Stochastic differential equations are often used to model the stochastic
dynamics of uncertain systems. Hence there is the need to carry out a stochastic analysis that de-
scribes the response in probabilistic terms. Efficient probabilistic characterization of the dynamical
response of a system excited by random actions often requires a high computational effort. In the last
fifty years, many significant results have been obtained in this field. Most of the approaches in the
literature consider the solving input-output relations in terms of evolutive moments, or cumulants,
or quasi-moments, or, for having a multiple times definition, in terms of correlation functions of
various order (Lin, 1967; Roberts and Spanos, 1991; Wu and Lin, 1984; Lutes and Sarkani, 2004;
Di Paola et al., 1992; Di Paola and Falsone, 1994; Falsone, 1994; Di Paola and Falsone, 1997a,b;
Falsone, 2005; Morikawa and Kameda, 1997; Makarios, 2012; Gioffrè and Gusella, 2002; Mazelsky,
1954; Bucher and Schueller, 1991). Unfortunately, all these quantities suffer the drawback of having
high dimensions, above all for large systems.

In some problems, such as the structural reliability evaluation or the stochastic limit analysis,
the accurate knowledge of the response PDF is essential, above all at the PDF tails, (Di Paola and
Falsone, 1994; Falsone, 1994). However, only a few works perform dynamic stochastic analyses in
terms of probability density function (PDF) (Conte and Peng, 1996; Adhikari, 2007; Hussein and
Selim, 2015; Li, 2016; Calatayud et al., 2018b,a; Liu and Liu, 2018; Kalogeris and Papadopoulos,
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2018; Meimaris et al., 2019; Mamis et al., 2019). In particular, the present authors have extended to
the dynamic analysis an approach, previously introduced for static analyses and called probability
transformation method (PTM) (Falsone and Settineri, 2013a,b). This last one is essentially based
on the rules of random variable transformations and on the principle of probability conservation.
The above-cited extension to the dynamic analyses was made through a time discretization in the
integral expression of the structural response (Falsone and Laudani, 2018, 2020). In this way, the
input-output relationships are considered as algebraic equations and the PTM can be applied as in
the static analyses.

In the present work, a study on the evaluation of the response of dynamic systems governed by
first-order differential equations will be presented. Problems described by this type of equations arise
in a wide variety of applied engineering areas. Within the framework of the mean square random
calculus, a stochastic procedure that combines the properties of the PTM with an approach able
to find numerically the relationship between a process and its time integral by working in terms
of characteristic functions (CF) will be developed. Therefore, an evolutive PTM (EPTM) will be
is introduced. In this way, while in the previous approach the PTM is applied after the numerical
discretization (Falsone and Laudani, 2018, 2020), the EPTM applies the PTM contextually to the
integral procedure. This makes the EPTM a very efficient approach for the dynamic stochastic
analyses of systems described by first-order differential systems, as has been verified in a shear-type
plane system that will be presented. In particular, this work performs the response PDF consid-
ering the following two stochastic actions of the system, (i) time-dependent actions represented as
random processes, (ii) system initial conditions represented as random variables. For both these
two possibilities, which could happen contemporaneously, the expression of the single-time varying
CF output of a stochastic dynamic system has been obtained.

2. Preliminary concepts

In this section, some basic concepts, which will be useful in the following sections, are shown. In
particular, the PTM is recalled.

The fundamental aspects of the PTM can be found in the theory of the space transformation
of random vectors as well as in the principle of probability conservation. It is possible to state
the principle of probability conservation as following: the probability carried by a random event
is conserved without introducing other stochastic factors. In other words, if the random factors
involved in a stochastic system are preserved, i.e no new random factors arise nor existing factors
vanish in a physical process, then the probability will be preserved in the evolution process of the
system (Li and Chen, 2009; Soong, 1973). In particular, the PTM allows working directly in terms
of input and output probability density functions (PDFs) of two random vectors related to each
other by the deterministic law corresponding to the assigned space transformation.

Let consider a n-dimensional random vector, x, with joint probability density function (JPDF),
px(x), and let h(·) be a n-dimensional invertible application, with inverse h(·)−1 = g(·). If z = h(x)
is a random vector whose JPDF, under the respect of the principle of probability conservation, can
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be expressed as follows:

pz(z) =
1

|det [Jh(g(z))]|
px(g(z)) = |det [Jg(z)]| px(g(z)) (1)

where Jh(·) and Jg(·) = J−1
h (·) are the Jacobian matrices corresponding to the relation z = h(x)

and the inverse x = g(z). The relationship in Eq. (1) holds when x and z have the same number of
components. Nevertheless, this is not a restriction, in Falsone and Laudani (2019a) some procedures
are given to apply it even when these numbers of components are different.
In Falsone and Settineri (2013a,b) it was introduced an efficient way to evaluate the marginal PDF
of z, pzj (zj). By using the properties of the multidimensional Dirac delta function, δ(·) Eq. (1) is
rewritten in the following form:

pz(z) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

px(y)δ(z− h(y))dy1 · · · dyn. (2)

The use of the latter expression is particularly useful if the marginal PDF evaluation of z is required.
For example, if only the element zj = hj(x) has to be studied, then Eq. (1) gives:

pzj (zj) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

px(y)δ(zj − hj(y))dy1 · · · dyn (3)

while, if the JPDF of the elements zj = hj(x) and zk = hk(x) has to be evaluated, then the following
expression is suitable:

pzj ,zk(zj , zk) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

px(y)δ(zj − hj(y))δ(zk − hk(y))dy1 · · · dyn. (4)

It is worth noting that Eqs. (2) to (4) do not require the evaluation of the inverse relation
g(·) = h(·)−1, that often can be a great problem. Moreover, the order of the vector z does not
influence them. On the contrary, they have the drawback of requiring n integrations respect to
the component of x. This last problem can be easily solved in terms of characteristic function
(CF) when hj(x) is given as a linear combination of the elements of x. This means the relation
hj(x) = hT

j x, where hj is the n-vector made by the combination constants. Indeed, the CF of zj is
given by:

Mzj (ω) =
1

2π

∫ ∞
−∞

pzj (zj)exp(−iωzj)dzj (5)

=
1

2π

∫ ∞
−∞

[∫ ∞
−∞
· · ·
∫ ∞
−∞

px(y)δ(zj − hT
j y)dy1 · · · dyn

]
exp(−iωzj)dzj .

that, taking into account the properties of the Dirac delta function, gives:

Mzj (ω) =
1

2π

∫ ∞
−∞
· · ·
∫ ∞
−∞

px(y)exp(−iωhT
j y)dy1 · · · dyn = (2π)n−1Mx(θ)|θ=ωhj

. (6)

This expression evidences the fundamental result that the response CF, Mzj (wj), is always ob-
tainable in closed form, once that the multidimensional CF of the input is known, without the
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necessity of any integration. If the joint CF (JCF) of the output random variables zj and zk has to
be evaluated, then the following expression, easily obtained by generalizing the previous one can
be used:

Mzjzk(ωj , ωk) = (2π)n−2Mx(θ)|θ=ωjhj+ωkhk
(7)

The generalization to greater order JCFs is immediate. Once that the characteristic functions are
evaluated the corresponding PDF can be obtained by Fourier anti-transform operations.

Therefore, from this section, it is worth highlighting the following essential concept: in a generic
stochastic system if no other stochastic factors are involved then the probability carried by a random
event is conserved.

3. Stochastic first-order differential equation systems

A large class of physical behaviors and natural phenomena can be described by ordinary differential
equations. Taking into account the effects of the various inherent uncertainties in nature when the
dynamic analysis of deterministic systems is performed, it may arise the necessity to perform a
stochastic analysis. It is clear that although a generic system of equations involves a set of higher-
order differential equations, it is always possible, by introducing more variables, to convert higher-
order differential equations to a set of coupled first-order equations. In view of these considerations,
in this section, stochastic first-order differential systems will be treated. In general, the uncertain
behavior of the system is due to (i) time-dependent actions represented as random processes, (ii)
system initial conditions represented as random variables. Both these possibilities, which could
happen contemporaneously, will be investigated in the following subsections, respectively.

3.1. first-order differential systems excited by a given random process

Let consider a first-order differential system governed by the following equation:

Ẋ(t) = AX(t) + BF(t); X(t0) = X0 (8)

where X(t) is the n-vector of the response state variables, A is the n×n deterministic matrix which
takes into account the physical-geometrical characteristics of the system, B is the n × m matrix
defining the distribution of the external loads on the system, F(t) is the m-random vector whose
probabilistic characterization is known and, at last, the vector X0 defines the initial conditions of
the system that, here, are assumed to be deterministic. Assuming that the m.s. derivative Ẋ(t) of
X(t) exists, the solution of Eq. (8) is well known:

X(t) = Θ(t− t0)X0 +

∫ t

t0

Θ(t− τ)BF(τ)dτ (9)

Θ(t) = exp(−At) being the fundamental matrix of the system. The first of the two quantities
composing X(t) is deterministic, under the assumptions made here, while the second one defines a
vector random process. Hence, it is useful to write:

X(t) = Y0(t) + Y(t); with Y0(t) = Θ(t− t0)X0, Y(t) =

∫ t

t0

Θ(t− τ)BF(τ)dτ. (10)
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By assuming zero initial conditions, the attention is paid only on the vector random process Y(t)
and on its relationship with the load random process F(t).
If F(t) is a Gaussian vector process, then it is simple to show that Y(t) is Gaussian, too. Hence,
it is characterized by the knowledge of its mean vector and its cross-covariance matrix. When F(t)
is not-Gaussian, the probabilistic characterization of the response becomes more complicated. At
this scope, the following vector process is introduced:

Z(τ) = Θ(t− τ)BF(τ) (11)

and Eq. (10) is rewritten as:

Y(t) =

∫ t

t0

Θ(t− τ)BF(τ)dτ =

∫ t

t0

Z(τ)dτ. (12)

Its JPDF pZ (z, τ) can be easily obtained through the use of the PTM rules to the linear transfor-
mation F(τ)→ Z(τ). The last step to do is the characterization of the random vector process Y(t),
once that the characterization of the vector process Z(t) has been found. Due to the time integral
relationship between these two processes, an efficient numerical solution can be obtained by using
the following theorem on the JCFs of Y(t) and Z(t):

THEOREM 1. ((Soong, 1973) If the m.s. integral X(t), t ∈ T , exists, then:

MY(ω, t) = lim
m→∞∆m→0

MZ(ω (τ1 − τ0) , τ ′1; · · · ;ω (τm − τm−1) , τ ′m) τ ′j ∈ (τj−1, τj) (13)

∆m = max (τj−1 − τj) .

The result of this theorem is mainly based on the mean square calculus as well as on the principle of
conservation of probability. In fact, employing some of the theory of random differential equations
and assuming that Y(t) is a mean square Riemann integral over a generic interval [a, b], it can be
written: ∫ b

a
Y(t)dt ≡ lim

∆m→0

m∑
j=1

Y(t
′
j)∆tj (14)

where a collection of all finite partitions of the interval [a, b] was considered as in Figure 1. Then,
in accordance with the principle of conservation of probability, the formal relationship between
the characteristic functions of Y(t) and that of Z(t) (Eq. (13)) can be obtained. Therefore, by
truncating the value of m to a sufficiently high value, the expression of this theorem becomes an
efficient way to evaluate numerically the response CF. Then, the response PDF is obtained by the
Fourier anti-transform of the response CF. Moreover, if the characterization of the response random
process is required at more instant, Eq. (13) must be generalized. This is always possible, even if
the corresponding numerical evaluation becomes more and more heavy increasing the number of
time instants.

Figure 1.: Finite partitions of an interval [a, b].
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Overall, the application of the PTM with the fundamental results of the above Theorem 1 gives
a stochastic procedure, here called EPTM, able to characterize the response of dynamical systems
in terms of evolutive PDF.

3.2. first-order differential systems with random load and random initial
conditions

Here, besides the loads acting on the system, even the initial conditions are assumed to be random
variables. In particular, in this section, the EPTM approach in the assumption of independence
between these two kinds of actions will be developed. In taking the expression of the solution X(t)
given in Eq. (9), there is no need to assume the independence of F(τ) and X0, but the initial
condition is generally independent of the forcing term in practice. The expression of the response
vector can be rewritten as follows:

X(t) = X̄0(t) + X̄F (t) (15)

X0 and X̄F (t) being two independent random processes given by:

X̄0(t) = Θ(t)X0; (16)

X̄F (t) =

∫ t

0
Θ(t− τ)BF(τ)dτ

Each of these processes can be easily characterized through the evaluation of their CFs. Indeed,
X̄0(t) is a linear combination of the elements of X̄F (t) and, thus, its CF can be evaluated in the
form given in Eq. (6). The process X̄F (t) is the time integral of the process Z(τ) = Θ(t− τ)BF(τ).
In the previous section, a procedure giving numerically the CF has been given through Eq. (13).
Lastly, the response CF MX(t)(ω, t) can be obtained by considering an important property of the
CF of the sum of two independent random processes (Soong, 1973), such that:

MX(t)(ω, t) = MX̄0(t)(ω, t)MX̄F (t)(ω, t) (17)

Even in this case, the response PDF is obtained by the Fourier anti-transform of the above CF.

4. Numerical example

Consider an n-degree of freedom structure, subject to a time-dependent vector-force F(t). The
equation of motion is:

MÜ(t) + CU̇(t) + KU(t) = F(t) (18)

U(0) = U0

where M, C and K are the mass, damping and stiffness matrices, respectively; U(t) is the n-vector
of the response displacements, U0 defines the initial conditions of the response and F(t) represents
the excitation vector.
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Figure 2.: Shear-type plane system.

By introducing the state variables vector XT (t) =
(
UT (t) U̇T (t)

)
, Eq. (18) can be converted into

the following first-order differential system:

Ẋ(t) = DX(t) + vF(t); (19)

X(0) = X0

where:

D =

(
0 I

−M−1K −M−1C

)
; v =

(
0

−M−1

)
; X0 =

(
U(0)

U̇(0)

)
(20)

The response X(t) is evaluated taking into account the Duhamel integral, that is:

X(t) = Θ(t)X0 +

∫ t

0
Θ(t− τ)vF(τ)dτ (21)

Θ(t) being the transition (or fundamental) matrix corresponding to the dynamical system; it is
expressed as:

Θ(t) = exp(Dt) =

∞∑
n=0

1

n!
Dntn. (22)

Now, the shear-type plane system represented in Figure 2 is considered. The Young’s modulus
value is E = 31× 109 N/m2; all the columns have the same length h = 3.2 m, while the moments
of inertia of each column are I1 = I2 = I3 = 0.0054 m4; for each floor, a mass m = 50, 000/g kg is
assumed. The system is forced by a the zero-mean Gaussian stationary ground acceleration ag(t)
defined by its one-side power Clough–Penzien spectra density having the expression:

Sa(ω) =
ω4
r + 4ξ2

rω
2
rω

2

(ω2
r − ω2)2 + 4ξ2

rω
2
rω

2

ω4(
ω2
p − ω2

)2
+ 4ξ2

pω
2
pω

2

0.141ξ2
ra

2
g0

ωr

√
1 + rξ2

r

(23)
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where the following filtering coefficients have been considered: ωp = 2.0, ωr = 19, ξp = 0.6 and
ag0 = 0.25g. Therefore, the vector of the external excitations F(t) of Eq. (19(1)) is expressed as
Mτag(t), where τ is the structural incidence vector. While, the vector of the initial displacement
condition in Eq. (19(2)) , X0, is assumed as a random vector described by random variables uniformly
distributed with σx0 = 0.15.

(a) t = 0.1 s (b) t = 0.6 s

(c) t = 1.8 s (d) t = 5 s

Figure 3.: Displacement PDF evaluated for four different instants. PTM (continuous line); MCS
(dashed line)

The probabilistic definition of the displacement in correspondence of the j-th DOF at a fixed
time tk, that is X(j)(tk), has been obtained by the application of EPTM. Figure 3, shows the
PDF of the displacement u3, in correspondence of 4 time instants. From the inspection of this
figure, it is possible to appreciate that for the first instants, the random characteristics of the PDF
outputs are significantly influenced by the random initial conditions, then the responses PDF are
gradually filtered and depend only on the random characteristics of the excitation. These results are
considered together with those coming out from an MCS characterized by 50, 000 samples. Overall,
the analysis of the results evidences the goodness of the proposed stochastic procedure.
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5. Conclusions

In this work, a stochastic procedure for the dynamic analyses of systems characterized by uncer-
tainties in the external actions and in their initial conditions has been presented. Based on PTM,
the EPTM combines the main properties of the mean square random calculus with the principle
of conservation of probability. The proposed procedure allows to preserve the system’s probability
in time step by step and gives the random response directly in terms of CFs; then the response
PDF of the system can be evaluated easily by the inverse Fourier transform. The application of the
EPTM for the stochastic dynamic analysis of a shear-type system has been confirmed the goodness
of the results in terms of evolutive PDF.
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