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Abstract. The purpose of this paper is to determine the random spatially varying elastic properties
of concrete at various scales taking into account its highly heterogeneous microstructure. The
reconstruction of concrete microstructure is based on computed tomography (CT) images of a cubic
concrete specimen. The variability of local volume fraction of the constituents (air, cement paste
and aggregates) is quantified and mesoscale random fields of the elasticity tensor are computed from
a number of statistical volume elements obtained by implementing the moving window technique
on the specimen along with computational homogenization. Based on the statistical characteristics
of the mesoscale random fields, useful conclusions are derived regarding the effect of microstructure
on the mechanical behavior of concrete.

Keywords: Concrete, CT images, Reconstruction, 3D FEM models, Homogenization, Mesoscale
random fields

1. Introduction

The macroscopic mechanical properties of heterogeneous materials such as composites and concrete
are significantly influenced by their underlying microstructure and can be efficiently determined
using numerical homogenization techniques. The application of homogenization methods in the
analysis of multi-phase materials is much more advantageous over direct simulation of the full
microstructure in terms of required computational resources. The key issue in homogenization
methods is the linking of micromechanical characteristics with the random variation of material
properties at higher scales, which is usually established using Hill’s macro-homogeneity condition
(Hill, 1963). In this framework, it is necessary to identify a representative volume element (RVE)
over which a fine-scale boundary value problem is solved. A possible way to achieve this is through
computational convergence schemes with respect to specific apparent properties (Ostoja-Starzewski,
2006). In contrast to the RVE, which is characterized by deterministic material properties, the
spatial variation of the elasticity tensor at lower scales is quantified by random fields computed on
mesoscale models-statistical volume elements (SVEs) (Savvas et al., 2016a).

The scope of this paper is to determine the elastic properties of concrete at various scales
taking into account the highly heterogeneous microstructure of this material which is responsible
for its complex mechanical behavior. There is a wide variety of methods in the literature for the
reconstruction of concrete microstructure mostly based on image processing and/or morphological
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random fields, e.g. (Huang et al., 2016; Huang and Peng, 2018). The reconstruction is based herein
on computed tomography (CT) images of a cubic concrete specimen. The variability of local volume
fraction of the constituents (air, cement paste and aggregates) is quantified first. Mesoscale random
fields of the elasticity tensor are computed subsequently from a number of SVEs obtained by
implementing the moving window technique on the concrete specimen along with computational
homogenization. Based on the statistical characteristics of the random fields, useful conclusions are
derived regarding the effect of microstructure on the mechanical behavior of concrete.

The paper is organized as follows: In Section 2, the process of reconstructing concrete mi-
crostructure based on CT images is described. Section 3 presents the framework of computational
homogenization used to determine the random spatially varying apparent elasticity tensor of 3D
concrete microstructures. The numerical results obtained using the proposed approach are discussed
in the next section followed by some concluding remarks in Section 5.

2. Reconstruction of Concrete Microstructure based on CT Images

2.1. CT IMAGES

Computed Tomography or ”CT” has its origins in the medical field and refers to a computerized
X-ray imaging procedure in which a patient is struck by a narrow X-ray beam that rotates at a
certain speed around the patient’s body. Although the CT procedure has been applied mainly for
medical purposes, the gradual increase in available CT equipment and the improvement of the cost
factors have led to other utilizations, such as the exploration of the microstructure of heterogeneous
materials.

When the X-ray beam passes through a sample, some of the X-ray radiation is absorbed and
scattered (with intensity I,,), while the rest penetrates through the sample (with intensity I), as
shown in Figure 1.

Source
}'l' (X’y’z)

diftribution

Projection screen

Figure 1. Intensity Distribution of an X-ray array (Daigle et al., 2005)
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The radiodensity of the CT scan can be described by the Hounsfield unit (HU) scale. HU scale is a
quantitative scale that reflects the linear transformation of the original linear attenuation coefficient
measurement (u) so as the radiodensity of distilled water at standard pressure and temperature is
defined as zero HU, while the radiodensity of air, at the same conditions, is defined as -1000 HU.
The linear transformation used to convert the attenuation values p to Hounsfield units HU on each
pixel of the CT image is as follows:

HU = u * slope + intercept (1)

where the values of the rescale slope and intercept parameters are specific to the CT scanner
system used. Their values can be obtained from the extracted DICOM (Digital Imaging and
Communications in Medicine) files.

2.2. RECONSTRUCTION OF CONCRETE MICROSTRUCTURE

The reconstruction of concrete microstructure is based on data obtained from the CT scan. The
specimen is cut in 2D slices (images) with their corresponding resolution (Figure 2). Each pixel
carries, beside its geometric properties, the attenuation value p that is converted to the respective
HU value using Eq. (1). Then, by utilizing voxels (the generalization of pixels on a regularly spaced,
three-dimensional grid), the voxel-based FE method is employed. Using the moving window tech-
nique (Baxter et al., 2001), random mesoscale models or SVEs are created, which are discretized by
a structured FE mesh based on voxels geometry. More details about the procedure of reconstruction
are provided in Section 4.
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Figure 2. A 2D CT image of concrete.
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3. Computational Homogenization

According to 1983, the homogenization process is based on the fundamental assumption of statistical
homogeneity of the heterogeneous medium. This implies that all statistical properties of the state
variables are the same at any material point and thus an RVE can be identified. While in case of
composites with periodic or nearly periodic geometry the RVE is explicitly defined, in case of spatial
randomness, the RVE needs to be sought using computational methods (Kanit et al., 2003; Zeman
and Sejnoha, 2007; Zohdi and Wriggers, 2008; Wimmer et al., 2016; Savvas et al., 2016a; Savvas
et al., 2016b).
According to 1963, the existence of the RVE postulates separation of scales in the form:

d < L < Liacro (2)

In the above inequality, the microscale parameter d denotes a characteristic size of the fillers, e.g.
their diameter in case of circular inclusions, the mesoscale parameter L denotes the size of the
volume element and the macroscale parameter L,,qc0 denotes the characteristic length over which
the macroscopic loading varies in space, or in the case of complete scale separation, the size of the
macroscopic homogeneous medium.

The statistical characteristics of the apparent elasticity tensor of concrete are computed by
analyzing a set of random mesoscale models or SVEs. These are extracted by implementing the
moving window technique on a cubic concrete specimen reconstructed based on a set of 2D CT
images (see Section 2). Figure 3 depicts the cubic concrete specimen segmented into a large number
of non-overlapping SVE models along with a detail of the voxel based FE mesh of a specific SVE.
Each SVE model is characterized by the non-dimensional parameter § = L/d with § € [1,00],
which denotes the scale factor. Note that the length scale of the SVE is smaller than the one of the
corresponding RVE. For each placement of the moving window, the apparent material properties
are computed through homogenization of the material in the microscale. The resulting mesoscale
properties and corresponding moving window centres are used to build the related random field
model, as shown in Section 4.

3.1. COMPUTATION OF THE RANDOM APPARENT ELASTICITY TENSOR OF 3D CONCRETE
MICROSTRUCTURES

The stress and strain fields, o (w, ) and € (w, ) respectively, developed on the mesoscale realization
of concrete Bs(w) can be expressed as a superposition of means (& and £€) and of zero-mean
fluctuations (o’ and €’) as follows:

ow,z)=6+0"(w,z) , e€(w,x)=E+¢ (w,x) (3)

The means of stress and strain tensors at some point X of the macro-continuum are computed as
volume averages over Bs (w) in the form (Hill, 1963):
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Figure 3. a) Schematic of 3D moving window technique on a cubic concrete specimen reconstructed using 2D CT
images, b) Detail of the voxel based FE mesh of a specific SVE model.

a<w,X>=% / o (w ) dVs, é(w,x>=% / e (w,) dVs (4)
Bs(w) Bs(w)

with V; = / av;.

Bs(w)
Also the volume average of the strain energy can be calculated as:

7_ L : B o B
U_2V5 / a(w,w).s(w,ac)dV(;—2a'.e—20'.5—1—20'.e (5)
Bs(w)

Note that for an unbounded space domain (6 — oo) the fluctuation terms in Eq. (5) become

negligible (o" el = 0) and thus the following equation holds:

O E=0:¢ (6)

which is known as Hill’s condition. However, at a finite mesoscale size, Hill’s condition is valid
provided that the following constraint is satisfied (Hazanov and Huet, 1994):
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/(t—&-n)-(u—s‘-x)dSzO (7)

0B

The constraint equation (7) is a priori satisfied by appropriate boundary conditions such as uniform
strains (Dirichlet), uniform stresses (Neumann), uniform orthogonal-mixed boundary conditions
and periodic boundary conditions. Here, we focus on the case of uniform strains. We now discuss
the computational homogenization procedure for this case, following 2002.

In general the 3D elasticity tensor C, which is of 4** order, consists of 3* = 81 components.
These are reduced to 21 independent components due to symmetries in stress and strain tensors.
Thus, the macroscopic linear constitutive relation for an anisotropic material is as follows:

o11 Ciir sym | |€11
022 Co211 C2222 €22
_ _~=_ |033| _ [Cs311 Cs322 C3ss £33
5= Ce |738| = |Can Caszz Caass - (8)
T12 Cronn Ci222 Ci233 Ciznz £12
723 Ca31n Cazzz Caszz Caziz Cazaz £23
1031] | Cs111 Cs122 Caiszs Csiiz Cizs Caizi| €31

The unknown macroscopic elasticity components Cijkl, with 4,4, k,l = 1,2,3, are equal to the
macroscopic stresses 7;; which are derived by the solution of six independent kinematic uniform
boundary value problems (BVPs). In each BVP the displacement boundary conditions are obtained
by a prescribed uniform strain tensor as shown below:

€11 0 0 0 0 0
0 £99 0 0 0 0
- 0 0 £33 0 0 0
g = 0 ) 0 ) 0 ) £19 ) 0 ’ 0 (9)
0 0 0 0 £93 0
_0_ _0_ _0_ _0_ _0_ _531_

The imposed displacements on the boundary nodes of each SVE are calculated through the
prescribed uniform strain tensor using the following equation:

uy, = D] & (10)

where Dj is a geometric matrix which depends on the coordinates of the boundary node b and is
defined as:
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2¢ 0 O
0 2y O
110 0 22 .
Dy, = 2y 2z 0 with (z,y,2) € x (11)
0 2z y
|z 0 =« ]
The BVP which has to be solved is as follows:

K;; K| |u; fi
= 12
[K bi K| b Iy (12)
where the stiffness matrix K of the FE model is rearranged into four sub-matrices associated with

interior nodes 7 and boundary nodes b. The macroscopic stress tensor is then calculated as a volume
average by:

1
5 = D, (13)

where f, = Kpup, + Kpju; is the vector containing the computed reaction forces on the boundary
nodes, u; = K i_il (f; — Kpup) is the vector containing the calculated displacements of the interior
nodes and I = [D; Dy ... Dyy] with M the total number of boundary nodes b.

4. Numerical Results and Discussion

In this section, numerical results concerning the determination of the random fields of the ho-
mogenized elasticity tensor of the 3D concrete specimen are presented. The reconstruction of the
microstructure of concrete is based on DICOM data obtained by a medical CT scan conducted
at Magnitiki Patron S.A. The equipment used was a LightSpeed VCT of GE Medical Systems
with peak potential and current applied to the X-ray tube equal to 140 kV and 180 mA, re-
spectively. The axial resolution of the scan was fixed at 0.625 mm resulting in 211 total slices,
while the pixel resolution of the 2D image in each slice plane is 0.4883 x 0.4883 mm?, resulting in
281 x 281 pixels. Note that the dimensions of the scanned cubic concrete specimen was approximately
136.724 x 136.724 x 131.25 mm?3.

As shown in Figure 3, the size of each SVE corresponds to that of the selected 3D window in
the moving window technique. In the context of FE simulation, the discretization of the SVEs into
hexahedral solid elements is based on the voxels which are used to reconstruct the 3D geometry of
the concrete specimen. Information about the pixels (e.g. location, spacing, attenuation values )
and the slices (e.g. position, thickness) needed in order to construct the voxels and also to identify
the constituent materials is included in the DICOM files provided by the CT scan system. In the
FE mesh of the SVEs each hexahedral solid element corresponds to a voxel. The nodes of each
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element correspond to pixels which are lying in two subsequent slice planes. The material assigned
to each integration point of an element depends on the HU value of the integration point which is
calculated by interpolating the nodal HU values using the shape functions of the element.

Figure 4 depicts the histogram (empirical distribution) of the Hounsfield units (HU) calculated
by Eq. (1) with rescale slope and rescale intercept equal to 1 and -1024, respectively, for the CT
equipment used. From this figure, the constituent materials (air, cement and aggregates) can be
distinguished by defining specific ranges for their HU values. Based on the observed peaks of the
histogram and after careful inspection of the CT images, the HU range can be selected as [-960,
800] for air, [800, 2000] for cement and [2000, 2974] for aggregates. Figure 4 depicts also a gray
scale colorbar connected to the HU values of the constituent materials of concrete. The illustration
of concrete specimen in Figure 3 is based on this color range.

-3
1.8 ~x10

1.6
1.4
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Aggregates

Hounsfield units

Gray scale level

Figure 4. Empirical distribution of HU values derived from all CT images followed by the range of HU for concrete
constituent materials.

Based on the aforementioned HU ranges, the local volume fraction (vf) variability of the con-
stituents of concrete can be studied next. Figure 5 illustrates the computed 3D random fields along
with the respective empirical distributions of the volume fraction of the constituent materials.
For visualization purposes, Figures 5, 6 and 8 provide 2D contour plots of the random fields
corresponding to the three orthogonal planes (XY, YZ and ZX) intersected at the center point
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of the cubic concrete specimen. Note that, these results have been obtained by selecting the size
of the moving window to be 10 x 10 x 10 voxels and the moving step to be equal to that size in
each direction so as non-overlapping SVEs to be extracted. For this specific choice of window size
and due to the dimensions of the cubic concrete specimen, the total number of the extracted SVEs
is 16464. The dispersion of aggregates within cement is not uniform. Also, some air was trapped
inside the paste during the mixture process. These facts are obvious in Figure 5, where regions of
material rich or poor in aggregates and air can be observed. The mean vf of the constituents in the
concrete specimen is 0.5% air, 72.3% cement and 27.2% aggregates.

vf of Air vf of Cement vf of Aggregates 0

B, -)=(0.005 ,0.023) (., -)=(0.723 ,0.300) (., 0)=(0.272 ,0.302)
5 l I I
100 L 5
0 0 0 et
0 0.5 1 0 0.5 1 0 0.5 1
vf of Air vf of Cement vf of Aggregates

Figure 5. Random fields and histograms of vf of air, cement and aggregates.

Figures 6-9 depict the computed random fields along with the respective empirical distributions
of the components of the apparent elasticity tensor (see Eq. (8)). These results have been obtained
by implementing the homogenization method presented in Section 3. The constituent materials of
concrete are considered linear elastic. Specifically, their Young’s modulus and Poisson ratio [E, v]
are assumed as [20 GPa, 0.2] for cement and [100 GPa, 0.2] for aggregates. Note that although
air is not an elastic material, it can be modeled by setting its Young’s modulus equal to 0.2 GPa
(1% of the Young’s modulus of cement) and its Poisson ratio equal to 0.45 (almost incompressible
material). From the calculated mean values of the elasticity components it can be deduced that
concrete can be considered as isotropic material in an average sense (Figures 7 and 9). Another
observation is that the coefficient of variation (COV) of the axial and shear components of the
apparent elasticity tensor is higher than 60%, which means that morphological uncertainty leads
to significant random spatial variation of the mechanical properties of concrete.

REC 2021



136

G. Stefanou, D. Savvas, and P.

110

100

CZS

Figure 6. Random fields of C;;; (correspondence of subscripts: 1 — 11, 2 — 22, 3 — 33).
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Figure 7. Histograms of Ci;j; (correspondence of subscripts: 1 — 11, 2 — 22, 3 — 33).
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Figure 8. Random fields of Cj;; (correspondence of subscripts: 4 — 12, 5 — 23, 6 — 31).
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Figure 9. Histograms of Cj;i; (correspondence of subscripts: 4 — 12, 5 — 23, 6 — 31).
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5. Conclusions

In this paper, the random spatially varying apparent elasticity tensor of 3D concrete microstruc-
tures has been computed using CT images of a cubic specimen for the reconstruction of concrete
microstructure and computational homogenization. A large variability of the local volume fraction
of the constituents (air, cement paste and aggregates) has been observed. This was reflected on the
high COV (>60%) of the axial and shear components of the apparent elasticity tensor, meaning
that microstructural uncertainty leads to substantial random spatial variation of the mechanical
properties of concrete, which has to be taken into account for a safe design of concrete structures.
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