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Truck Load Population and Overloads:
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Truck Load Population and Overloads:  
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Truck Load Population and Overloads:
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Schematic of  
mixed probability 
density function with 
consideration for the 
common load (SL)
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Two-function mixed Model (bimodal distribution):

ü G&$(/8.-)+.(-&(3&+:(&*.2+.-$+&0"(8)8.'.+4&*1-2.+4&
3#-$+.(-2&=3! )-*&3"C&

ü G&2#5512+.(-&(3&81+)&)-*&'(5,-("/)'&*.2+".8#+.(-2&, =SC&
+71&3)$+&+7)+&+714&(-'4&)$$10+&0(2.+.<1&<)'#12&)-*&=>C&
(+71"2&7)<1&)'2(&"1$(//1-*1*&+71/

ü ;1<1")'&$(/8.-)+.(-2&(3&81+)&)-*&'(5-("/)'&*.2+".8#+.(-2&
, 81+),81+)H&'(5-("/)','(5-("/)'H&)-*&81+),'(5-("/)'&
*.2+".8#+.(-2

Mixed Distribution Model



Kolmogorov-Smirnov (K-S) test
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Mixed Distribution Model
: Goodness-of-fit Test
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Proposed Bimodal Distribution
Select Common Load, SL

Determine statistical parameters for two PDFs, f1 is load s < SL and f2 is s > SL

1st PDF, f1(s)

Compute μ1, σ1, and a1 from WIM data

Combine and obtain a theoretical distribution model
Note that α1 + α2 =1. 

2nd PDF, f2 (s)

Compute μ2, σ2, and a2 from WIM data

Compute parameters: p, q Determine f1(s)
where,

Compute parameters: ξ and λ 
Determine f2(s)

𝐵(𝑞, 𝑟) = ( 𝑥𝑞−1(1 − 𝑥)𝑟−1𝑑𝑥
1

0
 

𝑓(𝑠) =
1

√2𝜋(𝜁𝑠)
𝑒𝑥𝑝 .−

1
2 0
ln 𝑠 − 𝜆

𝜁 4
2

5 

Determine adjusted, f1(s), g1(s)  Determine adjusted, f2(s), g2(s)𝑔1(𝑠) =
𝑓1(𝑠)
𝐹1(𝑆𝐿)

 1 𝑔2(𝑠) =
𝑓2(𝑠)

1 − 𝐹2(𝑆𝐿)
 1 

𝑔(𝑠) = 	 '𝛼1𝑔1
(𝑠),				𝑓𝑜𝑟		𝑠 ≤ 𝑆𝐿

𝛼2𝑔2(𝑠),				𝑓𝑜𝑟		𝑠 > 𝑆𝐿
 1 

𝑓(𝑠) =
1

𝐵(𝑞, 𝑟)
𝑠𝑞−1(𝑠0 − 𝑠)𝑟−1

𝑠0𝑞+𝑟−1
 1 



Frequency and cumulative probability distribution for 
the observed WIM data and the theoretical model

Proposed Bimodal Distribution
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Predicting Truck Load Population

WIM Data is not Available:
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Predicting Truck Load Population

Fuzzy Regression Analysis:
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Predicting Truck Load Population

The general form of  fuzzy linear output:

G𝑌% = I𝐴+ +,
,&'

-

I𝐴,𝑥%,
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!𝑌!
#𝐴" = (a0, c0), #𝐴# = (aj, cj) 

𝑥!# = [x1j, x2j, …, xnj] 

(aj, cj) 



Predicting Truck Load Population

𝑀𝐹 𝑎! = %𝑚𝑎𝑥 1 −
𝑎! − 𝑐!
𝑐!

, 𝑎! − 𝑐! ≤ 𝑎! ≤ 𝑎! + 𝑐!

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Membership function (MF ) - a symmetric triangular:
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Predicting Truck Load Population

Fuzzy linear regression analysis with crisp-input and 
fuzzy-output:

Minimize

&
!
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𝑐" +&
#%&

'

𝑐# 𝑥!#

Subject to

𝑎" +&
#%&

'

𝑎#𝑥!# + 1 − ℎ 𝑐" +&
#%&

'

𝑐# 𝑥!# ≥ 𝑦! + (1 − ℎ)𝑒!

𝑎" +&
#%&

'

𝑎#𝑥!# − 1 − ℎ 𝑐" +&
#%&

'

𝑐# 𝑥!# ≤ 𝑦! − (1 − ℎ)𝑒!

𝑐# ≥ 0, 0 ≤ ℎ ≤ 1, 𝑖 = 1,2, … , 𝑛, 𝑗 = 1,2, … ,𝑚
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Predicting Truck Load Population
Select Common Load, SL

Is the truck load population available? (e.g. WIM data)

CASE I: WIM data

Compute μ1, σ1, μ2, and σ2 from WIM data

Estimate parameters: p, q, ξ, and λ 

CASE II: ADTT & # of overload permits

Yes No

Calculate OL*

𝑂𝐿∗ =
𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑚𝑖𝑡𝑠 𝑝𝑒𝑟 𝑦𝑒𝑎𝑟

𝐴𝐷𝑇𝑇×365

Determine the fuzzy regression model of  μ1
*, σ1

*, μ2
*, σ2

* , and 
α2-OL* for the estimated OL* and the selected SL

Calculate α1 and α2 using α2-OL* 
𝛼" = 𝛼"$%&∗ + 𝑂𝐿∗

𝛼! = 1 − 𝛼"

Compute α1 and α2 from WIM data

Obtain a theoretical distribution model

Determine the membership function of  μ1
*, σ1

*, μ2
*, σ2

* , and 
α2-OL* with the selected level of h

Estimate the value of μ1
*, σ1

*, μ2
*, σ2

* , and α2-OL* from 
defuzzification of their membership function



Predicting Truck Load Population
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Predicting Truck Load Population

Limitations of  Proposed Model:
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Conclusions
ü G&/.M1*&*.2+".8#+.(-&3#-$+.(-&, +71&*.2+".8#+.(-&(3+1-&
)001)"2&:.+7&+:(&*.2+.-$+&01)%2

ü G&8./(*)'&*.2+".8#+.(-2&, 81+),'(5-("/)'&$(/8.-)+.(-&+(&
0"121-+&)&3)<(")8'1&/.M1*&*.2+".8#+.(-&/(*1'

ü !71&2+)+.2+.$)'&+12+&, #2.-5&G,6&+12+&.-&)**.+.(-&+(&+71&/("1&
+")*.+.(-)'&Y,;&+12+&

ü A(&("&'./.+1*&NOP&*)+)&, Z2.-5&+71&0"(0(21*&V./(*)'&
*.2+".8#+.(-&=:.+7&3#TT4&"15"122.(-&/(*1'C

ü G&'()*&*.2+".8#+.(-&.2&-11*1*&3("&*)/)51&)22122/1-+&,
#2.-5&+71&V./(*)'&*.2+".8#+.(-&/(*1'&3("&81++1"&12+./)+.(-



!71&)22.2+)-$1&0"(<.*1*&84&6)<.*&[U&!7(/02(-&(3&+71&
O''.-(.2&)-*&!7(/)2&\('+T&(3&+71&P.$7.5)-&610)"+/1-+&(3&
!")-20("+)+.(-H&"1201$+.<1'4H&.-&/)%.-5&+71&NOP&*)+)&
)<).')8'1&+(&+71&)#+7("2&.2&)00"1$.)+1*U

Acknowledgement



Thank you for your attention!



Anderson, T.W. and Darling, D.A. 1954. A Test of Goodness of Fit. Journal of the 
American Statistical Association, 49(268), 765-769.

Ang, A.H. and Tang, W.H. 2007. Probability Concepts in Engineering – Emphasis on 
Applications to Civil and Environmental Engineering. John Wiley & Sons, Inc.

Jang, B. and Mohammadi, J. 2017. Bridge rating modification to incorporate fatigue 
damage from truck overloads. Bridge Structures, 13(2-3), 101-107.

Jang, B. and Mohammadi, J. 2018. Significance of fatigue damage from overload trucks 
on bridge load rating. MATEC Web of Conferences, 165, 10005.

Mohammadi, J. and Shah, N. 1992. Statistical Evaluation of Truck overloads. Journal of 
Transportation Engineering, 118(5), 651-665.

Stephens, M.A. 1974. EDF Statistics for Goodness of Fit and Some Comparisons. 
Journal of the American Statistical Association, 69(347), 730-737.

Tanaka, H., Uejima, S., and Asai, K. Linear Regression Analysis with Fuzzy Model. 
IEEE Transactions on Systems, Man, An Cybernetics, Smc-12(6):903-907, 1982.

Timm, D.H., Tisdale, S.M., and Turochy, R.E. 2005. Axle load spectra characterization 
by mixed distribution modeling. Journal of Transportation Engineering, 132(2), 
83-88.

References



𝑓 𝑠 =
1

𝐵 𝑞, 𝑟
𝑠"#$ 𝑠% − 𝑠 &#$

𝑠%"'&#$
𝐵 𝑞, 𝑟 = :

%

$
𝑥"#$ 1 − 𝑥 &#$𝑑𝑥

𝑓 𝑠 =
1

<2𝜋(𝜁𝑠
𝑒𝑥𝑝 −

1
2
ln 𝑠 − 𝜆

𝜁

(

Beta Distribution

Lognormal Distribution

Mixed Density Function

𝑔$ 𝑠 =
𝑓$ 𝑠
𝐹$ 𝑆)

𝑔( 𝑠 =
𝑓( 𝑠

1 − 𝐹( 𝑆)

𝑔 𝑠 = G𝛼$𝑔$ 𝑠 , 𝑓𝑜𝑟 𝑠 ≤ 𝑆)
𝛼(𝑔( 𝑠 , 𝑓𝑜𝑟 𝑠 > 𝑆)

α1 + α2 =1

Appendix



Appendix

10

15

20

25

30

35

40

σ 1
[k

N
]

200
220
240
260
280
300
320
340
360

μ 2
[k

N
]

20

30

40

50

60

70

0.00 0.02 0.04 0.06 0.08 0.10 0.12

σ 2
[k

N
]

Overload [%]

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.00 0.02 0.04 0.06 0.08 0.10 0.12

α 2
-O
L

[%
]

Overload [%]

Ymd Yuph=0.75Yloh=0.75
Yloh=0.5Yuph=0.5

Yuph=0.25Yloh=0.25
Yuph=0 Yloh=0yi

LR

The fuzzy linear regression model for σ1*, μ2*, σ2*, and a2-OL* 
for SL = 200 kN (45 kips)


