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® Local reliability based sensitivity analysis:
® Dependence of the failure probability on model parameters
Pr = p(x)dz

g(x)<0
® Obtain partial derivatives of P¢ with respect to the model parameters

® Objective: Less function evaluations than finite differences

® Solution:

® Score function approach, consider sensitivity w.r.t. parameters of the pdf
p(x)
® Estimation of the failure probability: moving particles method

® No additional function evaluations are necessary; but: c.o.v. of the

estimator increases due to the low number of particles
-> necessity for a multilevel approach
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B Subset Simulation

My Mo
Pr =] P(F|Fi) =[] &
® Moving Particles i=1 i=1
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Moving Particles (A. Guyader et al., AMO 64, 2011) ﬂ(l
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B Maximum number of domains for subset simulation?

® Consider N, initial samples X; and compute g; = g(X;)
Rank the samples according to the value J;

® Move sample X ; with g; = max g(X,)(or the k samples with maximal g.)
® move: apply MCMC starting from one of the remaining samples

® accept, if gi* <0

® The number of moves to get a sample into the failure domain follows a
Poisson distribution with parameter A = —log Pr

® Count moves for each initial sample, estimate A

3 E;'V:le 5 & (N-—-1 Mr
A= No Pp = exp(—A) = N
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Subset Simulation Particle Method

parallel implementation + +
number of moves per step high low
number of possible seeds low high
burn-in + -
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Local Reliability Analysis

8P <X 1 8P,
® Starting point — = Pr Z -
a6 £ P; 06

with the conditional probabilities

Pi= [ 1o @p(s1G < i)z = [ Iy (@)

IQ<9=‘—1 (m)p(m) dz

P(G < g,;_l) '

® Compute the partial derivatives of the conditional probabilities

8P,: 0 ]Ilp(.’L‘)

e

® Finally,as P, =P, =..= Py,

0P _ (NN LS @)
06 N N £ 9593
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Example: Roof Truss Structure ﬂ(l
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0.2781 0.2221 ' 025/ 0.25

B B qgl?> [ 3.81 1.13
9(¢,¢, Ac, Ec, As, Es) = 0.03 — =5 (ACEC N AsEs)

¢[N/m| £[m] Ac [m®] Ec¢|[N/m?  As[m®’]  Es[N/m’

mean value 20000 12 0.04 2 x 1010 9.82 x 104 1 x 1011
std. dev. 1400 0.12  0.0048 1.2 x10° 5.892 x 10~° 6 x 10°
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Example: Roof Truss Structure ﬂ(".
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Pr OPp 9Pf _OPp _OPp _OPp _OPF
Omg Omg Oma c om Eg Oma g omg g
estimate 0.00937 1.10e-5 0.0403 -2.110 -3.71e-12 -186 -1.81e-12
elasticity 23.5 51.9 -9.1 -8.0 - 19.6 -19.5
C.0.V. 0.056 0.05 0.08 -0.06 -0.08 -0.07 -0.06
rel. error (%] 0.5 0.7 0.9 1.0 1.2 0.1 0.6
OPp OPf _OPp OPp OPp_ OPr
Oog do; o A c Oo Eq 8o a g dog g
estimate 1.57e-5 0.0182 2.5047 1.93e-12 204 1.99¢e-12
elasticity 2.4 0.2 1.3 0.2 1.3 1.3
C.0.V. 0.06 0.22) 0.08 0.20 0.09 0.09
rel. error [%] 2.9 1.4 1.3 34 0.8 1.0
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Example: High-dimensional Problem

® Performance function

9(X) = 1 1

1000+ -1 X; 1000+ 3+/100’
® X;: standard normal, correlation p

estimate 1.35e-3 4.44e¢-2 1.32¢-2

C.0.V. 0.069 0.069 0.083

rel. error [%] 0.3 0.1 1.0
estimate 0.336 0.514 0.156
C.0.V. 0.024 0.027 |0.70

rel. error (%] 0.1 0.1 1.3
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Multilevel extension ﬂ(l
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® Family of performance functions:
{gi(m)}, 1= 0: ey 1T, gn(x) — g(x)

® Rewrite the expectation

0 ].np x
EG<gMT_1 [IQ<9MT ( )]

as a telescoping sum

Oln p(m) Olnp(z) Oln p(m)
EGU <gMp-—1 [Igu <gMy ] Z EG; 1<GMp—1 [I i<gMy~ an 50 _Iyi_1 <gMy ]
=1
and estimate each expectation separately
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Example: Burgers® equation AT

a Nonlinear SPDE ¥ 4 2% (z,0) 0°u
onlinear o u ol
ot Ox " 92
m KL expansion, viscosity: oz, 8) = 1 ZV/AZ.J&(&.)&(Q)
i=1

® PDEs for the expansion coefficients:

(6 + Zwﬁ(s) Z Mgy = (14 Z Vi fa(m)sa(o))(z O i (©)

8t

B Galerkin scheme, finite differences
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Example: Burgers‘ equation ﬂ(l
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Failure: u(xz =0.5,t =T) > 0.42

15 T T T T 107 T r r T
—¥—Pe —¥—P
% - % Sensitivity m =X -Sensitivity m
N . &> Sensitivity s c 1 o0 =3~ Sensitivity s
<1h, g
- | - 2 — e s
O S
— ©
g 5 =
- T e
D 1024 R (T TS T T SR )ity
ol S VA
0 10° '
1 1 2 3 4 5 6
Level

12 Institut fiir Technische Mechanik EI_I_I:m
Abteilung Dynamik / Mechatronik



13

Conclusions ﬂ(l
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® A local reliability based sensitivity analysis based on the moving
particles method has been introduced.

® The sensitivity analysis can be carried out in a single postprocessing
step after the last particle has been moved into the failure domain.

® Due to the relatively low number of particles on which the estimator is
based, the coefficient of variation should be further decreased.

® A multilevel method helps to reduce the standard deviation of the
estimator and thus to improve the efficiency of the sensitivity analysis.

® Additional savings due to nested approximations (not considered here)
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