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STRUCTURAL RELIABILITY

2

The  spa ce  of the  ba sic va ria ble s is d ivide d into two distinct doma ins, the  safe set and the failure set,
separated by the Limit State Surface.

Failure Probability

Limit Sta te  Function: 𝐺𝐺 𝒙𝒙 = 𝑅𝑅 𝒙𝒙 − 𝑆𝑆 𝒙𝒙

𝑃𝑃𝑓𝑓 = 𝑃𝑃 𝐺𝐺 𝒙𝒙 ≤ 0

= �
𝐺𝐺 𝒙𝒙 ≤0

𝑓𝑓𝑿𝑿 𝒙𝒙 𝑑𝑑𝒙𝒙
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( ) 0g >x
S  SafeΩ

( ) 0g =x

( ) 0g ≤x
f  FailureΩ
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AL MI

Se nsitivity 
Ana lysis

Introduction

AK Entropy

Conclusions

Informa tiona l  
Corre la tion



UMBERTO ALIBRANDI
18 DECEMBER 2018 ASSOCIATE PROFESSOR

DEPARTMENT OF ENGINEERING

AARHUS
UNIVERSITY

𝑃𝑃𝑓𝑓 = 𝑃𝑃 𝐺𝐺 𝒙𝒙 ≤ 0 = �
𝐺𝐺 𝒙𝒙 ≤0

𝑓𝑓𝑿𝑿 𝒙𝒙 𝑑𝑑𝒙𝒙

STUCTURAL RELIABILITY

3

1) Limit Sta te  Function 𝐺𝐺 𝒙𝒙

2) Proba bility distributions of the  ba sic ra ndom va ria ble s 𝑓𝑓𝑿𝑿 𝒙𝒙 : 

How to mode l the  de pe nde nce  be twe e n ra ndom va ria ble s? 
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COPULA
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𝑉𝑉1 = 𝐹𝐹1 𝑥𝑥1

Copula 
Density

𝑓𝑓 𝑥𝑥1, 𝑥𝑥2 = 𝒄𝒄 𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐;𝝑𝝑 𝑓𝑓1 𝑥𝑥1 𝑓𝑓2 𝑥𝑥2

𝐶𝐶 𝑣𝑣1, 𝑣𝑣2 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 � 𝑉𝑉𝑘𝑘 ≤ 𝑣𝑣𝑘𝑘 ≡ 𝐹𝐹 𝑥𝑥1, 𝑥𝑥2

Marginal 
Distributions

Gaussian Copula Gumbel Copula

𝑉𝑉2 = 𝐹𝐹2 𝑥𝑥2
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Corre la tion 𝜌𝜌 𝑥𝑥1, 𝑥𝑥2 is not 
a  prope r me a sure  of 
de pe nde nce .

Copula  c 𝑥𝑥1,𝑥𝑥2 is a  prope r 
me a sure  of de pe nde nce .
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MUTUAL INFORMATION
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𝑀𝑀𝐼𝐼 𝑋𝑋1,𝑋𝑋2 = �𝑓𝑓 𝑥𝑥1, 𝑥𝑥2 𝑙𝑙𝑙𝑙𝑙𝑙
𝑓𝑓 𝑥𝑥1, 𝑥𝑥2

𝑓𝑓1 𝑥𝑥1 𝑓𝑓2 𝑥𝑥2
𝑑𝑑𝑑𝑑1𝑑𝑑𝑑𝑑2 ≥ 0

Mutua l Informa tion

It measures how much knowing one of 
these variables reduces uncertainty 
about the other

Copula Density

𝑓𝑓 𝑥𝑥1, 𝑥𝑥2 = 𝑐𝑐 𝑣𝑣1, 𝑣𝑣2 𝑓𝑓1 𝑥𝑥1 𝑓𝑓2 𝑥𝑥2

𝐼𝐼 𝑋𝑋1,𝑋𝑋2 = 𝐸𝐸 log 𝑐𝑐 𝑥𝑥1, 𝑥𝑥2

The mutual information takes into account
the whole probabilistic dependence of X

𝑋𝑋1,𝑋𝑋2
Independent

𝑀𝑀𝐼𝐼 𝑋𝑋1,𝑋𝑋2 = 0AL MI
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U. Alibrandi & K.M. Mosalam, 2020
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INFORMATIONAL COEFFICIENT OF 
CORRELATION
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𝜌𝜌 𝑋𝑋1,𝑋𝑋2 =
1

𝜎𝜎1𝜎𝜎2
�
0

1

�
0

1

𝐶𝐶 𝑣𝑣1, 𝑣𝑣2 − 𝑣𝑣1𝑣𝑣2 𝑑𝑑𝐹𝐹1−1𝑑𝑑𝐹𝐹2−1

Coe fficie nt of Corre la tion

It depends from copula and marginals

𝜌𝜌𝑀𝑀𝑀𝑀 𝑋𝑋1,𝑋𝑋2 = 1 − 𝑒𝑒−2𝑀𝑀𝐼𝐼 𝑋𝑋1,𝑋𝑋2

Informa tiona l Coe fficie nt of Corre la tion

It depends from copula only

Normal Marginals Lognormal Marginals

The  corre la tion unde re stima te s 
the  de pe nde nce
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INFORMATIONAL COEFFICIENT OF 
CORRELATION
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𝜌𝜌 𝑔𝑔,𝑢𝑢 = 1

Coe fficie nt of Corre la tion

𝜌𝜌𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢 = 1

Informa tiona l Coe fficie nt of Corre la tion

𝑔𝑔 𝑢𝑢 = 𝑢𝑢

If y = g 𝑢𝑢 then 
𝑦𝑦,𝑢𝑢 are fully 
correlated 

Copula

AL MI

Se nsitivity 
Ana lysis

Introduction

AK Entropy

Conclusions

Informational  
Correlation



UMBERTO ALIBRANDI
18 DECEMBER 2018 ASSOCIATE PROFESSOR

DEPARTMENT OF ENGINEERING

AARHUS
UNIVERSITY

INFORMATIONAL COEFFICIENT OF 
CORRELATION
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𝜌𝜌 𝑔𝑔,𝑢𝑢 = 0

Coe fficie nt of Corre la tion

𝜌𝜌𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢 = 1

Informa tiona l Coe fficie nt of Corre la tion

𝑔𝑔 𝑢𝑢 = 𝑢𝑢2

If y = g 𝑢𝑢 then 
𝑦𝑦,𝑢𝑢 are fully 
correlated 

Copula
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INFORMATIONAL SENSITIVITY ANALYSIS
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How to ra nk the  most importa nt va ria ble s to be  
include d in the  re lia bility proble m?

Our a pproa ch: Probabilistic Sensitivity Analysis

𝑃𝑃𝑓𝑓 = 𝑃𝑃 𝐺𝐺 𝒙𝒙 ≤ 0 = �
𝐺𝐺 𝒙𝒙 ≤0

𝑓𝑓𝑿𝑿 𝒙𝒙 𝑑𝑑𝒙𝒙
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ENTROPY AS A MEASURE OF UNCERTAINT

1 0

The  Sha nnon’s e ntropy functiona l is its e xpe cte d informa tion conte nt

𝐻𝐻 𝑋𝑋 = −�𝑓𝑓 𝑥𝑥 log𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = −𝐸𝐸 log 𝑓𝑓 𝑥𝑥

The  entropy is a measure of uncertainty
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VALUE OF INFORMATION

𝑉𝑉𝑉𝑉𝑉𝑉 𝑢𝑢1 = 𝐻𝐻 𝑔𝑔 − 𝐻𝐻 𝑔𝑔 𝑢𝑢1 ≡ 𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢1

𝑯𝑯 𝒈𝒈 𝒖𝒖𝟏𝟏

𝑴𝑴𝑴𝑴 𝒈𝒈,𝒖𝒖𝟏𝟏

𝑴𝑴𝑴𝑴 𝒈𝒈,𝒖𝒖𝟐𝟐

𝑯𝑯 𝒈𝒈 𝒖𝒖𝟐𝟐

𝑴𝑴𝑴𝑴 𝒈𝒈,𝒖𝒖𝟐𝟐

𝑉𝑉𝑉𝑉𝑉𝑉 𝑢𝑢2 = 𝐻𝐻 𝑔𝑔 − 𝐻𝐻 𝑔𝑔 𝑢𝑢2 ≡ 𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢2

𝛿𝛿𝑉𝑉𝑉𝑉𝑉𝑉 𝑢𝑢1 = 𝜌𝜌𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢1

The VoI 𝑢𝑢𝑘𝑘 is the entropy 
difference of Δ𝐻𝐻 𝑔𝑔

between observing and not 
observing 𝑢𝑢𝑘𝑘

AL MI
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Conclusions

Informa tiona l  
Corre la tion

𝑔𝑔 = 𝑔𝑔 𝑢𝑢1,𝑢𝑢2

𝛿𝛿𝑉𝑉𝑉𝑉𝑉𝑉 𝑢𝑢2 = 𝜌𝜌𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢2
Informational Sensitivity Indices
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INFORMATIONAL SENSITIVITY INDICES -
EXAMPLE

1 2

𝛿𝛿𝑉𝑉𝑉𝑉𝑉𝑉 𝑢𝑢2 = 𝜌𝜌𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢2 = 0.96

𝑔𝑔 𝑢𝑢1,𝑢𝑢2 = 3 − 𝑢𝑢2 − 0.3𝑢𝑢12

𝛿𝛿𝑉𝑉𝑉𝑉𝑉𝑉 𝑢𝑢1 = 𝜌𝜌𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢1 = 0.41

AL MI
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𝜌𝜌 𝑔𝑔,𝑢𝑢1 = 0.00 𝜌𝜌 𝑔𝑔,𝑢𝑢2 = −0.92
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STRUCTURAL RELIABILITY

1 3

𝑃𝑃𝑓𝑓 = 𝑃𝑃 𝐺𝐺 𝒙𝒙 ≤ 0 = �
𝐺𝐺 𝒙𝒙 ≤0

𝑓𝑓𝑿𝑿 𝒙𝒙 𝑑𝑑𝒙𝒙

1) Limit Sta te  Function 𝐺𝐺 𝒙𝒙

2) Proba bility distributions of the  ba sic ra ndom va ria ble s 𝑓𝑓𝑿𝑿 𝒙𝒙AL MI

Se nsitivity 
Ana lysis

Introduction

AK Entropy

Conclusions

Informa tiona l  
Corre la tion



UMBERTO ALIBRANDI
18 DECEMBER 2018 ASSOCIATE PROFESSOR

DEPARTMENT OF ENGINEERING

AARHUS
UNIVERSITY

RESPONSE SURFACE METHOD

In the  Response Surface Method (RSM)the Limit State Function(LSF) is  replaced by a simple explicit 
function, called Response Surface (RS),whose values can be easily evaluated.

Once that the RS is determined, it is no longer necessary to develop further Finite Element analyses. 
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( ) 0g =u
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( )G g= u
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( ) 0g >u

f  FailureΩ

( ) 0g ≤u

𝑃𝑃𝑓𝑓 = 𝑃𝑃 𝑔𝑔 𝒖𝒖 ≤ 0 = �
𝑔𝑔 𝒖𝒖 ≤0

𝜑𝜑𝑛𝑛 𝒖𝒖 𝑑𝑑𝒖𝒖

Normal standard space
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ENTROPY-BASED ADAPTIVE KRIGING: AK-H

𝑔𝑔𝐴𝐴𝐴𝐴 𝒖𝒖 = 𝜇𝜇 𝒖𝒖 + 𝜀𝜀 𝒖𝒖

= ℎ 𝒖𝒖 � 𝒘𝒘 + 𝜀𝜀 𝒖𝒖

𝐶𝐶𝐶𝐶𝐶𝐶𝜀𝜀 𝒖𝒖,𝒖𝒖′ = 𝜎𝜎𝜀𝜀2𝑅𝑅𝜀𝜀 𝒖𝒖,𝒖𝒖′;𝝑𝝑𝜀𝜀

= 𝜎𝜎𝜀𝜀2𝑒𝑒𝑒𝑒𝑒𝑒 −�
𝑘𝑘=1

𝑛𝑛

𝜗𝜗𝜀𝜀,𝑘𝑘 𝑢𝑢𝑘𝑘 − 𝑢𝑢𝑘𝑘′ 2

Ze ro-me a n Ga ussia n 
Ra ndom fie ld

Squa re  e xpone ntia l mode l

Me a n 
pre diction

Cova ria nce  
function

Corre la tion 
function

𝑔𝑔 𝑢𝑢 = 10 − 𝑢𝑢3
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How to choose the new points 
of the sampling plan?
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AK-H: LEARNING FUNCTION FOR 
SURROGATE MODELLING

1 6
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uncertainty 

𝑔𝑔𝐴𝐴𝐴𝐴 𝒖𝒖 = 𝜇𝜇 𝒖𝒖 + 𝜀𝜀 𝒖𝒖

ℋ 𝒖𝒖 =
1
2

1 + log 2𝜋𝜋 + log σ 𝒖𝒖
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ADAPTIVE KRIGING AK-H: ITERATION 1

𝑔𝑔 𝑢𝑢 = 10 − 𝑢𝑢3
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𝑔𝑔 𝑢𝑢 = 10 − 𝑢𝑢3
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ADAPTIVE KRIGING AK-H: ITERATION 2

𝒖𝒖 2 = min
𝑢𝑢
ℋ 1 𝒖𝒖

ℋ 1 𝒖𝒖
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ADAPTIVE KRIGING AK-H: ITERATION 3
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ACTIVE LEARNING (AL) OR ADAPTIVE 
KRIGING (AK)?

2 1
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= ℎ 𝒖𝒖 � 𝒘𝒘 + 𝜀𝜀 𝒖𝒖
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Me a n 
pre diction

Wha t a bout diffe re nt surroga te  mode ls?
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ACTIVE LEARNING MUTUAL INFORMATION: 
AL-MI

𝑔𝑔𝐴𝐴𝐴𝐴 𝒖𝒖 = 𝜇𝜇𝑔𝑔 𝒖𝒖 + 𝜀𝜀 𝒖𝒖
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= 𝜎𝜎𝜀𝜀2𝑒𝑒𝑒𝑒𝑒𝑒 −�
𝑘𝑘=1

𝑛𝑛

𝜗𝜗𝜀𝜀,𝑘𝑘 𝑢𝑢𝑘𝑘 − 𝑢𝑢𝑘𝑘′ 2

Ze ro-me a n Ga ussia n 
Ra ndom Fie ld

Squa re  e xpone ntia l mode l

Me a n 
pre diction

Cova ria nce  
function

Corre la tion 
function

How to choose the new points 
of the sampling plan?

𝑔𝑔 𝑢𝑢1,𝑢𝑢2 = 3 − 𝑢𝑢2 − 0.3𝑢𝑢12
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AL-MI: LEARNING FUNCTION

max
𝑢𝑢

𝐻𝐻 𝑔𝑔 𝑢𝑢1,𝑢𝑢2 = min
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𝑀𝑀𝑀𝑀 𝑔𝑔,𝑢𝑢𝑘𝑘
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• High epistemic 
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ACTIVE LEARNING AL-MI: ITERATION 1
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ACTIVE LEARNING AL-MI: ITERATION 2
𝑔𝑔 𝑢𝑢1,𝑢𝑢2 = 3 − 𝑢𝑢2 − 0.3𝑢𝑢12
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ACTIVE LEARNING AL-MI: ITERATION 3
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ACTIVE LEARNING AL-MI: EXAMPLE

𝑔𝑔 𝑢𝑢1,𝑢𝑢2 = 3 − 𝑢𝑢2 − 0.3𝑢𝑢12
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CONCLUSIONS
• It is proposed to adopt as a measure of dependence the Informational Coefficient of Correlation, 

instead of the correlation; the correlation is not a proper measure of dependence and always 
underestimates the dependence between random variables

• The informational coefficient of correlation is used to define informational sensitivity indices, ranking 
the importance of the variables through the Value Of Information 

• For surrogate modelling it is proposed a procedure of Adaptive Kriging where the epistemic uncertainty 
is described through the Entropy (AK-H) (and not the variance)

• For surrogate modelling it is proposed a procedure of Active Learning Surrogate Modelling based on 
the Mutual Information (AL-MI): different from the existing literature it can be implemented to any 
kind of metamodel (e.g. PCE, SVM, Neural Networks) and it is not limited to Kriging only

• The research is promising in exploring novel research directions in data-driven Uncertainty 
Quantification and Risk Analysis for Risk-informed Digital Twin, including Decision Making under 
Uncertainty, Bayesian experimental design, optimal sensor placement
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Thank you - Grazie
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